Abstract The Neutrosophic set and Hesitant set are the important and effective tools to describe the uncertain information. In this paper, we combine the interval neutrosophic sets and interval-valued hesitant fuzzy sets, and propose the concept of the interval neutrosophic hesitant fuzzy set (INHFS) in order to use the advantages of them. Then, we present the operations and comparison method of INHFS, and develop some new aggregation operators for the interval neutrosophic hesitant fuzzy information, including interval neutrosophic hesitant fuzzy generalized weighted operator, interval neutrosophic hesitant fuzzy generalized ordered weighted operator, and interval neutrosophic hesitant fuzzy generalized hybrid weighted operator, and discuss some properties. Furthermore, we propose the decision-making method for multiple attribute group decision making with interval neutrosophic hesitant fuzzy information, and give the detail decision steps. Finally, we give an illustrate example to show the process of decision making.
Introduction
Decision making has the wide application requirements in the business, service, economic, military and the other aspects. But in real life, the decision information is often incomplete, indeterminate and inconsistent, and how to express the decision information is the first task of decision making. The fuzzy set (FS) theory, presented by Zadeh [1] , is an effective tool to process fuzzy information. Since FS was established, it has attracted wide attentions, and it is extended from two directions.
One direction, FS only has a membership, and it cannot express some complex fuzzy information. For example, in a voting process, there are ten persons to vote a matter, three of them give the opinion ''agree,'' four of them give the opinion ''disagree'' and the others give up the voting. Obviously, it is difficult to express the voting information by FS. Based on FS and real applications, Atanassov [2, 3] presented the intuitionistic fuzzy set (IFS) by adding a non-membership function on the basis of FS, i.e., IFS is with membership (or called truth-membership) T A ðxÞ and non-membership (or called falsity-membership) F A ðxÞ. The example above can be expressed by membership 0.3 and non-membership 0.4. Because membership and nonmembership in IFS are crisp numbers, sometimes, it is difficult to use in real decision-making problems. Further, Atanassov and Gargov [4] , Atanassov [5] proposed the interval-valued intuitionistic fuzzy set (IVIFS) by extending the membership and non-membership functions to interval numbers. Zhang and Liu [6] proposed the triangular intuitionistic fuzzy number by extending the membership and the non-membership functions to triangular fuzzy numbers. Wang [7] proposed the intuitionistic trapezoidal fuzzy number. However, IFSs and IVIFSs can only handle incomplete information and cannot deal with the indeterminate and inconsistent information. In IFSs, there is a default indeterminacy degree 1 À T A ðxÞ À F A ðxÞ. In some complex decision-making environment, IFS has also some limitations. For example, when we ask an expert for the opinion about a statement, he/she may think the right possibility of the statement is 0.5 and the false possibility of the statement is 0.6 and the degree that he or she is not sure is 0.2 [8] . In this case, IFS does not process this type of information. In order to solve this class of decision-making problems, based on IFS, Smarandache [9] proposed the neutrosophic set (NS) by adding an independent indeterminacy-membership function. Obviously, Ns is a generalization of the existing fuzzy sets, such as fuzzy set, intuitionistic fuzzy set, paraconsistent set, paradoxist set, and so on. In NS, the indeterminacy degree is an independent part, and truth-membership, false-membership and indeterminacy-membership are completely independent. About the research on NS, some achievements have been made. Wang et al. [10, 11] proposed an interval neutrosophic set (INS) and a single-valued neutrosophic set (SVNS), which are some instances of the neutrosophic set. Ye [12, 13] proposed the correlation coefficient and the cross-entropy measure of SVNSs and then applied them to single-valued neutrosophic decisionmaking problems.
The other direction, FS has only one membership, this is a limitation for some decision-making problems. Based on FS, Torra and Narukawa [14] , Torra [15] proposed a new concept of hesitant fuzzy sets (HFSs). As a generalization of fuzzy sets, HFSs use several possible values of an element to replace the membership degree, which is an important tool to represent indefinite information in multiple attribute decision making. Then, Chen et al. [16] proposed interval-valued hesitant fuzzy sets (IVHFSs) where each membership degree is extended to interval numbers. Zhao et al. [17] proposed hesitant triangular fuzzy set and developed some aggregation operators for the hesitant triangular fuzzy sets based on the Einstein operations. Meng et al. [18] proposed linguistic hesitant fuzzy sets (LHFSs) and developed some linguistic hesitant fuzzy hybrid weighted operators. Farhadinia [19] and Ye [20] proposed the dual hesitant fuzzy sets and dual interval hesitant fuzzy sets. Peng et al. [21] proposed the hesitant interval-valued intuitionistic fuzzy sets (HIVIFSs) and developed some hesitant interval intuitionistic fuzzy number weighted averaging operators based on t-conorms and t-norms. Ye [22] proposed a neutrosophic hesitant fuzzy set by combining the hesitant fuzzy sets with singlevalued neutrosophic sets (SVNHFS), and then some weighted averaging and weighted geometric operators for SVNHFS are developed.
As mentioned above, HFS and NS can extend the FS from two directions, the HFS can allow the membership function having several possible values, which is a good tool to process uncertain information in real decision making by hesitant manners; however, it cannot handle indeterminate and inconsistent information, while the NS can easily represent uncertainty, incomplete and inconsistent information. Obviously, each of them has its strengths and weaknesses. So, combining the IVHFS and INS, we further propose the concept of interval neutrosophic hesitant fuzzy sets (INHFSs), which extend truthmembership degree, indeterminacy-membership degree and falsity-membership degree of an element to a given set to IVHFS, i.e., they may have a few different interval values. So, the INHFS is generalization of fuzzy set, IFS, IVIFS, NS, INS, HS, IVHFS, and so on. In addition, because the aggregation operators are the important tools to process the fuzzy decision-making problems, research on aggregation operators has achieved fruitful results [17, [21] [22] [23] [24] . This paper's aim is to propose the concept, score function and comparison method of IVHFS and then to develop some new generalization aggregation operators, including interval neutrosophic hesitant fuzzy generalized weighted average (IN-HFGWA) operator, an interval neutrosophic hesitant fuzzy generalized ordered weighted average (INHFG-OWA) operator and an interval neutrosophic hesitant fuzzy generalized hybrid weighted average (IN-HFGHWA) operator, further to develop the decision method for the MADM problems under interval neutrosophic hesitant fuzzy environment. To achieve the above purposes, the remainder of this paper is organized as follows. In the next section, we present some concepts of interval fuzzy numbers, HFSs, IVHFSs, generalized weighted average (GWA) operator, generalized ordered weighted average (GOWA) operator and generalized hybrid weighted average (GHWA) operator. In Sect. 3, we propose the concept and operations of INHFSs. In Sect. 4, we present some generalized aggregation operators based on INHFS, including INHFGWA, INHFGOWA and INHFHWA, and introduce some properties and special cases of them. Section 5 establishes the procedure of the decision-making method based on the INHHWA operators. Section 6 gives a numerical example according to our approach. Section 7 summarizes the main conclusion of this paper. 
Preliminaries

The interval fuzzy numbers
then the degree of possibility ofã [b is formulated by
We can use the degrees of possibility to compare with the interval numbers. 
The interval neutrosophic set
Some concepts of HFSs and IVHFSs
Definition 8 [14, 15] Let X be a non-empty finite set, a HFS A on X is defined in terms of a function h A ðxÞ that when applied to X returns a finite subset of 0; 1 ½ , we can express HFSs by:
where h A ðxÞ is a set of some different values in 0; 1 ½ , representing the possible membership degrees of the element x 2 X to A. we call h A ðxÞ a hesitant fuzzy element (HFE), denoted by h, which reads h ¼ cjc 2 hg f .For three hesitant fuzzy elements h; h 1 and h 2 , Torra [15] defined three basic operations shown as follows.
After that, Xia and Xu [26] defined four operations on the HFEs h; h 1 ; h 2 with a positive scale n:
Definition 9 [16, 25] Let X be a non-empty finite set, an interval-valued hesitant fuzzy set (IVHFS) on X is represented by:
whereh E ðxÞ is a set of some different interval values in 0; 1 ½ , which denotes the possible membership degrees of the element x 2 X to the set E,h E ðxÞ can be represented by an IVHFEh, which readsh ¼cjc 2h
Chen et al. [25] gave the operations for three IVHFEs h;h 1 ;h 2 with a positive scale n shown as follows
Some aggregation operators
GWA operator is a generalization of the weighted average operator, which is defined as follows: where w ¼ ðw 1 ; w 2 ; . . .; w n Þ T is the weighting vector of the a 1 ; a 2 ; . . .; a n ð Þsuch that w j 2 0; 1 ½ ; P n j¼1 w j ¼ 1, and k is a parameter such that k 2 ðÀ1; 0Þ S ð0; þ1Þ, then GWA is called the generalized weighted average (GWA) operator.
where b j is the jth largest of the a 1 ; a 2 ; . . .; a n ð Þand x ¼ ðx 1 ; x 2 ; . . .; x n Þ T is the associated weighting vector such that x j 2 0; 1 ½ ; j ¼ 1; 2; . . .; n; P n j¼1 x j ¼ 1; and k is a parameter such that k 2 ðÀ1; 0Þ S ð0; þ1Þ, then GOWA is called the generalized ordered weighted average (GOWA) operator.
where b j is the jth largest of the weighted arguments
. . .w n Þ T is the weighting vector of the a i ði ¼ 1; 2; . . .; nÞ, w i 2 0; 1 ½ , P n i¼1 w i ¼ 1, k is a parameter such that k 2 ðÀ1; 0Þ S ð0; þ1Þ and x ¼ x 1 ; x 2 ; . . .; x n ð Þ T is the aggregation-associated vector such that x j 2 0; 1 ½ , j ¼ 1; 2; . . .; n, P n j¼1 x j ¼ 1. Then GHWA is called the generalized hybrid weighted average (GHWA) operator.
The interval neutrosophic hesitant fuzzy set
In this section, we will present the concept of interval neutrosophic hesitant fuzzy set based on the combination of interval neutrosophic set with interval-valued hesitant fuzzy set.
Definition 13 Let X be a non-empty finite set, an interval neutrosophic hesitant fuzzy set (INHFS) on X is represented by:
N ¼ x;tðxÞ;ĩðxÞ;f ðxÞ
wheretðxÞ ¼cjc 2tðxÞg f ;ĩðxÞ ¼d d 2ĩðxÞ o n ; and f ðxÞ ¼gjg 2f ðxÞ É È are three sets of some interval values in real unit interval 0; 1 ½ , which denotes the possible truthmembership hesitant degrees, indeterminacy-membership hesitant degrees and falsity-membership hesitant degrees of the element x 2 X to the set N, and satisfies these limits: Then, we can define the basic operations of INHFEs as follows:
Therefore, for two INHFEsñ 1 ,ñ 2 and a positive scale k [ 0, these operations can be denoted as follows:
Definition 15 For an INHFEñ,
is called the score function ofñ. Where l; p; q are the numbers of the interval values inc;d;g, respectively. Obviously, sñ ð Þ is an interval value included in 0; 1 ½ . For two INHFEñ 1 andñ 2 , because sñ 1 ð Þ and sñ 2 ð Þ are interval numbers, they can be compared by the degrees of possibility defined in Definition 1.
4 Some aggregation operators based on interval neutrosophic hesitant fuzzy numbers
Since the GWA, GOWA and GHWA operators can only aggregate the crisp numbers and cannot aggregate the interval neutrosophic hesitant fuzzy information, in this section, we will extend the GWA, GOWA and GHWA operators to aggregate interval neutrosophic hesitant fuzzy information and propose an interval neutrosophic hesitant fuzzy generalized weighted average (INHFGWA) operator, an interval neutrosophic hesitant fuzzy generalized ordered weighted average (INHFGOWA) operator and an interval neutrosophic hesitant fuzzy generalized hybrid weighted average (INHFGHWA) operator are described as follows.
Þbe a collection of interval neutrosophic hesitant fuzzy numbers with the weight vector w ¼ w 1 ; w 2 ; . . .; w n ð Þ T such that w j [ 0 and P n j¼1 w j ¼ 1, then an interval neutrosophic hesitant fuzzy generalized weighted average (INHFGWA) operator of dimension n is a mapping INHFGWA: X n ! X, and has
where X is the set of all the interval neutrosophic hesitant fuzzy numbers.
Based on the operational rules of the interval neutrosophic hesitant fuzzy numbers, we have the following theorems.
. . .; n ð Þbe the collection of INHEs, then the result aggregated from Definition 16 is still an INHEs, and even Proof 1. We firstly prove that
(29) can be proved by Mathematical induction on n as follows (i) When n ¼ 1, According to the operational rules of INHFs, we havẽ
; 
Then when n ¼ k þ 1, we have
;
So, when n ¼ k þ 1, (29) is also right. According to (i) and (ii), we can get when (29) is right for all n.
2. According step (1), we have
; which completes the proof of Theorem 1. Moreover, the INHFGWA operator has the following properties.
(1) Theorem 2 (Idempotency) Letñ j ¼ñ ¼t;ĩ;f 
Proof Becauseñ j !ñ 0 j for all j, we may suppose c ; operator is still an INHEs, it has three parts, i.e., truthmembership, indeterminacy-membership and falsitymembership. We can prove them separately. The proof is shown as follows.
(i) We firstly prove the truth-membership part.
(ii) We prove the indeterminacy-membership part.
Similarly, we have
We prove the falsity-membership part. Similar to the indeterminacy-membership part, we have
According to (i) and (ii), we can get 
Proof Let m ¼ minðñ 1 ;ñ 2 ;...;ñ n Þ;M ¼ maxñ 1 ;ñ 2 ;...;ñ n ð Þ ; Since m ñ j M, we can get the result as follows according to Theorem 3. 
2. If k ! 0, then INHFGWA operator becomes the interval neutrosophic hesitant fuzzy weighted geometric (INHFWG) operator: 
In Definition 16, we considered the weight vector of attributes. However, in some cases, we may need to consider the position of aggregated data. For example, in the diving contest of Olympic Games, in general, after removing the most high and low scores, we can take the average value of the remaining, i.e., we can assign the weights of the most high and low scores are 0. So, the positional weights are very important in some real decision-making problems. Thus, we further define a new aggregation operator to process this case. 
2. If k ! 0, then INHFGOWA operator becomes the interval neutrosophic hesitant fuzzy ordered weighted geometric (INHFOWG)operator: 
About the positional weight vector, we can get it according to the real application. In some cases, we can obtain it by mathematical method. O'Hagan [27, 28] developed a method to get the OWA weights which have maximize the entropy and a predefined degree of orness. They can be gotten by the following models.
. . .; n where, a is the predefined degree of orness.
In Definitions 16 and 17, the attribute weight vector and the positional weight vector can be considered separately. However, in many decision-making problems, we need take two kinds of weight into account. We can define the interval neutrosophic hesitant fuzzy generalized hybrid weighted averaging (INHFGHWA) operator to process the problems.
Definition 18 An interval neutrosophic hesitant fuzzy generalized hybrid weighted averaging (INHFGHWA) operator of dimension n is a mapping I: X n ! X, defined by an associated weighting vector x ¼ ðx 1 ; x 2 ; . . .; x n Þ T such that x j 2 0; 1 ½ , P n j¼1
x j ¼ 1 and parameter
where, theb rðjÞ is the jth largest of the nw jñj j ¼ 1; 2; . . .; n ð Þ , and w ¼ ðw 1 ; w 2 ; . . .; w n Þ T is the weighting vector of theñ j ðj ¼ 1; 2; . . .; nÞ, w j 2 0; 1 ½ , P n j¼1 w j ¼ 1, andñ i i ¼ 1; 2; . . .; n ð Þare interval neutrosophic hesitant fuzzy elements (INHFE), and n j ¼t j ;ĩ j ;f j À Á j ¼ 1; 2; . . .; n ð Þ . 
The proof of this theorem is similar with Theorem 1, it's omitted here. Now, we can consider some special cases of IN-HFGHWA operator:
1. If k ¼ 1, then INHFGHWA operator becomes the interval neutrosophic hesitant fuzzy hybrid weighted averaging (INHFHWA) operator:
where,b j can be obtained by (43). 2. If k ! 0, then INHFGHWA operator becomes the interval neutrosophic hesitant fuzzy hybrid weighted geometric (INHFHWG) operator. where,b j can be obtained by (43).
A decision-making method based on the INHFGHWA operator
In this section, we will use the developed operators for the interval neutrosophic hesitant fuzzy numbers to the MADM problems where attribute values take the form of the interval neutrosophic hesitant fuzzy information. For a multiple attribute decision-making problem, let X ¼ x 1 ; x 2 ; . . .; x m f g be a set of alternatives, C ¼ c 1 ; c 2 ; . . .; c n f gbe a set of attributes, and w ¼ ðw 1 ; w 2 ; . . .; w n Þ T be the weighting vector of attributes such that w j 2 0; 1 ½ . Suppose thatñ ij ¼t ij ;ĩ ij ;f ij À Á is the evaluation information of the criteria C j on the alternative A i which is represented by the form of the interval neutrosophic hesitant fuzzy information. Wheret ij ¼ 
three sets of some interval values in real unit interval 0; 1 ½ , which denotes the possible truth-membership hesitant degrees, indeterminacy-membership hesitant degrees and falsity-membership hesitant degrees, and satisfies these limits:
, and
. Then, we can rank the order of the alternatives. The steps are shown as follows.
Step 1 Utilize the INHFGHWA operator
to derive the collective overall preference values Iði ¼ 1; 2; . . .; mÞ. Where,b ij ¼ nw jñij .
Step 2 Utilize the score function expressed by (26) to calculate the ranking values. Because the score function is an interval value, it can be compared by possibility degrees of the interval numbers defined in (1). We can use a simple average method to improve the score function as follows.
where l i ; p i ; and q i are the numbers of interval values iñ t i ;ĩ i ;f i .
Step 3 Rank all the alternatives x i i ¼ 1; 2; . . .; m ð Þand select the best one(s).
Step 4 End.
An numerical example
In this section, we will provide an example to illustrate the application of INHFGHWA operator.
Suppose that an investment company wants to select an enterprise from four possible alternatives to invest. The four candidates are marked by A i i ¼ 1; 2; 3; 4 ð Þ , and they are evaluated by three attributes: (1) Table 1. 6.1 The evaluation steps by the proposed method
Step 1 Step 4 End.
The influence of the parameter k on decision making of this example
In order to show the influence of the parameter k, we can adopt the different parameter value k in step 1 to rank the alternatives. The ranking results are shown in Table 2 .
As we can see from Table 2 , the ranking results may be different for the different parameter value k in IN-HFGHWA operator. 1. When 0:001 k 39, the best alternative isA 3 .
2. When 0:001\k\39, the ranking of the alternatives is different with respect to different k:
When 0:001 k 0:1, the ranking of the alternatives is A 3 1 A 2 1 A 4 1 A 1 . When 0:7 k 0:8, the ranking of the alternatives is A 3 1 A 2 1 A 1 1 A 4 . When 1:0 k 39, the ranking of the alternatives is A 3 1 A 1 1 A 2 1 A 4 .
Comparing with the method proposed by Ye [22] , this paper proposed the interval neutrosophic hesitant fuzzy set, and Ye [22] proposed a neutrosophic hesitant fuzzy set. Obviously, the neutrosophic hesitant fuzzy set is a special of the interval neutrosophic hesitant fuzzy set. In addition, in information aggregation operators, we proposed a generalized hybrid weighted average operator based on interval neutrosophic hesitant set, and Ye [22] proposed a weighted averaging operator and a weighted geometric operator for SVNHFS. Obviously, they are the special cases of the generalized aggregation operators. So, the method proposed in this paper is more general than Ye's method.
Conclusion
The HFS can allow the membership function of an element to a set represented by several possible values; however, it cannot handle indeterminate and inconsistent information, while the NS can easily represent uncertainty, incomplete and inconsistent information. In this paper, combining the IVHFS and INS, we further proposed the concept of interval neutrosophic hesitant fuzzy sets (INHFSs), which extended truth-membership degree, indeterminacy-membership degree and falsity-membership degree of an element to a given set to IVHFS. The INHFS is a generalization of fuzzy set, IFS, IVIFS, NS, INS, HS, IV-HFS, and so on. Then, we proposed the score function and comparison method of NHFSs and developed some new aggregation operators for the interval neutrosophic hesitant fuzzy information, including interval neutrosophic hesitant fuzzy generalized weighted (INHFGWA) operator, interval neutrosophic hesitant fuzzy generalized ordered weighted (INHFGOWA) operator and interval neutrosophic hesitant fuzzy generalized hybrid weighted (INHFGHWA) operator, and discussed some properties. Furthermore, we proposed the decision-making method for multiple attribute group decision-making (MAGDM) problems with interval neutrosophic hesitant fuzzy information and give the detail decision steps. A significant characteristic of the proposed method is that it can process many kinds of fuzzy information. In the future, we can apply the proposed operators to expend the scope of application, such as selection of supplier, science and technology assessment and the performance evaluation.
